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Abstract
Recent experimental and theoretical work on hydrogen-like absorption spectra of excitons in external
magneticfields revealed new effects when theCoulomb interaction becomes comparable to the
magnetic perturbation.We present a theoretical approach that allows for calculation of absorption
spectra for any value ofmagnetic field. This approach opens the possibility to compute the optical
functions i.e. reflectivity, transmission and absorption including the excitonic effects for various
strength of externalmagnetic field.

1. Introduction

The discovery of hydrogen-like absorption series of excitons, i.e. Rydberg excitons (RE) in cuprous oxide, Cu2O,
opened a new chapter in semiconductor physics [1].

Extraordinary properties of RE attracted an increasing attention during the last few years, specifically for
excitons in high externalmagnetic fields ([2–6] and references therein). Thismodel system iswell-recognized as
a convenient analog to a hydrogen atom, inwhich the high field’ physics occurs already atmoderate field
strengths achievable in a laboratory. In contrast, for hydrogen atoms the high field limit occurs for conditions
met near for instancewhite-dwarf stars [7, 8]. Recent observations of REs in Cu2Odemonstrated that the energy
of the RE states display a complex splitting, crossing and anti-crossing behavior, even for low quantum
numbers [3].

Based on the ratio of the exciton binding energy and themagnetic field energy, the RE system can be
classified into three distinctive regions: weak, intermediate, and high field regimes. In theweak field regime the
electron–hole Coulomb interaction dominates over the external field energy. This is the purely excitonic regime
where the externalmagnetic field can be treated as a perturbation. The reverse is true for the highfield regime.
Here the physics is dominated by the Landau quantization of the individual electrons and holes, while the
Coulomb interaction can be treated as perturbation. In between these extremes there is the interesting case of the
intermediate regimewhere neither Coulombnor externalfield energies dominate the physics. For this case,
excitonic binding energies are comparable with the cyclotron energy (with the reduced electron–holemass for
excitons). The distinct regions can be quantified through the normalizedfield strength parameter γ=B/Bcr,
whereB is themagnetic field strength, and B e acr

2*= ( ) is the criticalmagnetic field for a given excitonwith
Bohr radius a*. In the case of lower excitons inCu2O (n=1, 2, 3), the specific inherent properties of this
mediumplay an important role, i.e. a small excitonic Bohr radius (about 1 nm) and large excitonic Rydberg
energy give the critical field strengthBcr∼700T.

Eachmagnetic field regime requires a different theoretical approach, since a general solution of the
corresponding Schrödinger equation is not known. For a very small γ∼10−2, i.e. for weakfields, themagneto-
optical properties of a semiconductor can be obtained by solving the corresponding Schrödinger equation
perturbatively in the basis of unperturbed hydrogen eigenfunctions. In the opposite case of high fields, the quasi
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particles (electrons and holes)move in an effective potential obtained by integrating over the fastmovement in
themagneticfield, and thus theoretically the problem is reduced to the solution of a one dimensional
Schrödinger equation [9, 10]. The case of intermediatefields, for which γ∼10−1, ismore complicated and
severalmethods have been proposed [11].

Pioneering experimental and theoretical investigations of excitons inCu2O in amagnetic field have been
reported byKobayashi et al [12]. These authors discussed spectra of the yellow exciton series for lowmain
quantumnumber (n=2, 3, l=1) inmagnetic fields up to 150T. Theoretical studies [3, 4] using group
theoretical approaches have discussed spectra ofmagnetoexcitons up ton=5. It has been concluded that the
region of highmagnetic fields for excitons inCu2O can be reachedwithin several Teslas from experiments
performed up to 4T [3]. Inwork byArtyukin et al [13], the experimental observations inmagnetic field up to
32T are presented and values for weak and intermediate regimes are discussed.Note, the limit between the
intermediate and highfields is not sharply defined thus a smooth transition can be expected.While the
theoreticalmethod offering the uniform treatment of excitonic spectra inGaN for thewhole range ofmagnetic
fields, taking into account valence bandmixing due to the quantumwell confinement, has been presented in [14]
and the paper [15] described themagnetoexciton spectrumof thewurtzite-typeGaN in highmagnetic field for
various polarizations of light, we have developed the uniform treatment applicable not only to the low excitonc
states, but also to RE.Our current and previous work utilizes an analytical approach based on theReal Density
Matrix Approach (RDMA), also taking into account polaritonic effects.We demonstrated [6] that the RDMA
method allows one to obtain analytical expressions formagneto-optical functions for anymain quantum
numberwithin the Rydberg series. Herewe discuss experimental (up to 32 T) and theoretical (up to 150T)
studies on the absorption of aCu2O crystal in the Faraday configuration ( zB k  ). In contrast to previouswork,
all threefield regimes are treated on an equal level, and solutions are offered allowing expressing the
susceptibility of the system and its correspondingmagneto-optical spectra. Our results are partially extended
giving up the center-of-mass approach due to larger sample dimensions [6]—the reflected light inside the
medium is no longer coherent and therefore polaritonic effect are not essential. In the case of intermediate field
we fully account both for theCoulomb interaction and for themagnetic field, while for highmagnetic fields the
influence of Coulomb attractionwill be considered only in the field direction.

The paper is organized as follows. In section 2we present the description of the experimental setup for
absorptionmeasurements inCu2O in staticmagnetic fields up to 32T. In the section 3we recall the basic
assumptions of the RDMAand resulting calculational scheme. The results from section 3 are then applied to the
regime of weakfields (section 4), intermediatefields (section 5) and highfields (section 6). Conclusions are
presented in section 7.

2. Experiment

The experimental setup is the same as that used and described in [13]. In short, themagneto-absorption
experiments were performed in Faraday geometry, atmagnetic fields up to 32T generated by a resistivemagnet
at theGrenobleHighMagnetic Field Laboratory. Single crystal of cuprous oxide of [100] orientation, grown by a
floating zone technique has been used for experiments. The sample has been placed in bath cryostat cooled down
to 1.2K, whichwas inserted into a 32 T bittermagnet. The light from a halogen lamp source has been delivered
to the sample and collected after transmission through opticalfibers and a combination of sheet quarter
wavelength platesmounted on the sample holder for both the input and transmitted beam. The transmitted light
has been detectedwith amonochromator equippedwith a liquid nitrogen cooledCCDdetector with a
resolution of 0.02 nm. The experimental results are presented infigures 1–3.

3. Theory

For the Faraday geometry experiment, we can compute the linear response of a semiconductor slab of thickness
L to a plain electromagnetic wave, whose electric field vector has a component of the form

E z t E k z t k
c

, exp i i , , 1i in 0 0w
w

= - =( ) ( ) ( )

with the boundary surface of the semiconductor located at the plane z=0. The second boundary is located at
the plane z=L. In the case of the examinedCu2O crystals the extensionwill be of the order 40 μm. Similar to
our previous works, ([6] and references therein)weuse RDMA. Thismethod allows to obtain analytical
expressions formagneto-optical functions of semiconductor crystals (reflectivity, transmissivity, absorption,
and bulk susceptibility) for highmain quantumnumbers in theRydberg series taking into account the coherence
of the electron and hole with the radiationfield. RDMAdetermines the positions of excitonic resonances in the
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situationwhen degeneracies of exciton states with different orbital and spin angularmomentum are lifted by
magnetic field.While only theweak field regime is considered in [6], we here extend the study into the
intermediate and highmagnetic field regimes.Within the RDMAapproach, the relevant processes are described
by a set of constitutive equations for the coherent amplitudes Y r r,e h

n ( ) of the electron–hole pair of coordinates
rh (hole) and re (electron). In the case of Cu2O νmeans p, f, h,K excitonic states. The equations have been
described in [2, 6] (see also [11, 16]) and have the form

Y H Y YR r R r R r M r E R, i , 1 , i , 2eh  + + G =˙ ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

where R is the excitonic center-of-mass coordinate, r r re h= - is the relative coordinate, M r( ) is the smeared-
out transition dipole density, E R( ) is the electric field vector of thewave propagating in the crystal, and operator
G stands for the dissipative processes.We assume that this operator has the same eigenfunctions as the
HamiltonianHeh, see also [17]. The dipole densityM(r) is related to the bi-locality of the amplitudeY and

Figure 1.Positions of resonances calculated from theweak-field expansion (14), markedwith red lines, comparedwith experimental
data, forB=0–32T. The lines correspond to the yellow p excitonswith n=2–6. First derivative of susceptibility is used for clarity.

Figure 2.Comparison ofmeasured and calculated absorption spectrum for (a)B=0 and (b)B=32T.
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describes the quantum coherence between themacroscopic electromagnetic field and the inter-band transitions.
RDMA is amesoscopic approachwhich, in the lowest order, neglects all effects from themultiband
semiconductor structure, so that the excitonHamiltonian becomes identical to that of the two-band effective
massHamiltonianHeh, which includes the electron and hole kinetic energy, the electron–hole interaction
potential and the confinement potentials (see also [18]).When a constantmagnetic field is applied, the
Hamiltonian takes the form

H E
m

e
m

e
e

Vp
B r

p
B r

r r
R r

1

2 2

1

2 2 4
, . 3eh g

e
e

e

h
h

h

b e h

2 2 2

0
conf

 p
= + +

´
+ -

´
-

-
+⎜ ⎟ ⎜ ⎟⎛

⎝
⎞
⎠

⎛
⎝

⎞
⎠ ∣ ∣

( ) ( )

By separating the relative and center-of-mass coordinates and performing special unitary transformation (see,
for example, [19, 20]), one canwrite the equation (3) in the form

H H
M

p e
B

e

M
r V

P p
P B R r

2 2 2

1

8 2
, , 4eh

z

z
c z0

2 2 2

2 2
conf

m m
mw r

m
= + + + + +

¢
- ´ +

 · ( ) ( ) ( )

whereP is the exciton center-of-massmomentumoperator, P its in-plane component, the center-of-mass
coordinates Rare separated from the relative coordinates (ρ,f) on the plane (x, y),μ is the reducedmass for the
electron–hole pair given by

m m

1 1 1
, 5

e hm
= + ( )

eBcw m= is the cyclotron frequency, the reducedmass m¢ defined as

m m

1 1 1
, 6

e hm¢
= - ( )

andH0 is the two-bandHamiltonian for the relative electron–holemotion,

H
e

rr2 4
, 7

b e h
0

2 2

0



 m
m

p
= -   -

-∣ ∣
( )

with the reducedmass tensor m. The operator z is the z-component of the angularmomentumoperator.We
solve the constitutive equationswith the aboveHamiltonian to give the excitonic counterpart to themedium
polarization

r YP R M r R r2 d , , 8exc
3 *ò=( ) ( ) ( ) ( )

which is then used in theMaxwellfield equation

c E E R P R¨ 1 ¨ , 9R b
2 2

0
exc


 - =( ) ( ) ( )

with the use of the bulk dielectric tensor b and the vacuumdielectric constant ò0. In the current workwe solve
equations (2)–(9) and compute themagneto-optical functions (reflectivity, transmission, and absorption) for
case of Cu2O.

Belowwewill consider separately the cases of weak, intermediate and highmagnetic fields.

Figure 3.Calculated resonance positions in the regime ofweakfield (red dots) and intermediatefield (blue dots). Green linesmark the
total, joined solution for field rangeB=0–64 T.Measured absorption is shown forB�32 T.
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4.Weakmagneticfields

Aswe stated above, the dimensionless strength γ of the appliedmagnetic field, defines the regimes of weak,
intermediate, and highfields. For weakfields γ=1whichmeans that Coulomb interaction, thus excitonic
states dominate the spectral properties and themagnetic field can be considered as a perturbation.Here we recall
the basic equations from [6]where theweak field regimewas discussed in the framework of RDMA.Due to the
extension of the crystal in the direction of wave propagation, in contrast to [6]wewill not account for the center-
of-massmotion. Furthermore, to simplify the calculations, we assume the electron and holemasses to be
isotropic.We consider the case of the Faraday configuration, with themagneticfield directed in the z-direction.
We putPP=0 in equation (4) and neglect the effects related to the center-of-massmotion and the confinement,
so that theHamiltonian takes the form

H H
e

B
1

8 2
. 10eh c z0

2 2 mw r
m

= + +
¢

( )

In the spirit of the perturbation calculus, we seek solution of the constitutive equation (2) in terms of
eigenfunctions of the unperturbedHamiltonianH0

Y c R r Yr , , 11
n m

n m n m må q f=( ) ( ) ( ) ( )
ℓ

ℓ ℓ ℓ

whereRnℓ are the radial functions of a hydrogen-like Schrödinger equation

H E , 12n m n m n m0y y= ( )ℓ ℓ ℓ

where R Yn m n m my =ℓ ℓ ℓ , with the spherical harmonics Y mℓ , and the radial functions
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n n
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r
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2
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2
, 13

n

r na

3 2

*

* *
*

=
+

+
- -

´ - + + +-

⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

ℓ
ℓ

ℓ

ℓ ℓ

( )
( )!

( )!
( )!

( )

ℓ

ℓ

related to the eigenvaluesEnℓ for p (ℓ=1) and f (ℓ=3) excitons, respectively [17]. The functionM(a, b, z) is
the confluent hypergeometric function in the notation of Abramowitz [21], andR* is the excitonic Rydberg
energy. Inserting the expansion (11) into the constitutive equation (2)with the assumption of the harmonic time
dependence, one obtains the following systemof equations for the coefficients cn mℓ

W
R

a
r c R r Y

W E E B m R

M r E
4

sin , ,

sgn i , 14

n m
n m n m n m

n m g n

2
2 2 2*

*

*

å g q q f

w
m
m
g

+ ´ =

= - + +
¢

- G

⎛
⎝⎜

⎞
⎠⎟ ( ) ( ) ( )

( ) ( )
ℓ

ℓ ℓ ℓ ℓ

ℓ ℓ

where a* is the exciton Bohr radius, and R B B2c cr*g w= = is the dimensionless strength of themagnetic
field. Using the shapes of the transition dipole densityM appropriate for p and f excitons, and the band
parameters for Cu2O (table 1), we obtain the expansion coefficients and from that the function Y, which

Table 1.Bandparameter values forCu2O,Rydberg energy
and excitonic radius calculated fromeffectivemasses
(R 13 600 meVb

2* m= ( ) , a 0.0529 nmb*  m= ( ) ),
masses in free electronmassm0, critical
field B e acr

2*= ´( ( ) ).

Parameter Value Unit Reference

Eg 2 172.08 meV [1]
R* 99.13 meV

ΔLT 1.25×10−3 meV [26]
G 0.8 meV

me 1.0 m0 [13]
mh 0.7 m0 [13]
μ 0.41 m0

m¢ −2.33 m0

a* 0.97 nm [13]
r0 0.21 nm [27]
òb 7.5 [1]
Bcr 700 T
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defines the excitonic polarization by the equation (8). Since Y depends on the field (equation (2)), the
equation (8) determines the functional dependence P Eexc( )which, in the considered case, takes the form
P E Eexc 0 c=( ) ,χ being the susceptibility. Usingχ, we can calculate the effective dielectric function, the
effective refraction index, and from them, by standard formulae, themagneto-optical functions. In the
calculations we used the eigenvalues n1 1G  of the damping operator G (see (2)). Those values were estimated,
for the case B=0, by fitting the experimental absorption curves by Kazimierczuk et al [1], andHecktötter
et al [22], see also [23].

The results are illustrated infigures 1–2. Figure 1 depicts the calculated positions of excitonic resonances
comparedwith our experimental data. Thefirst derivative of themeasured absorption, depicted in gray, is used
for clarity. The red linesmark the peaks of the calculated absorption forP excitons with n=2–6 andm=±1.
They exhibit a good agreementwith themeasured data. A detailed view of the calculated susceptibility is shown
in the figure 2. There is a closematch between the resonance positions, both forB=0 (figure 2(a)) and
B=30 T (figure 2(b)). Theoretical results were calculated for p and f excitons with quantumnumber n=2–10,
which allows us to identify themeasured peaks. Important to note, there aremultiple peaks assigned to f-
excitons for n�4.When themagnetic field is absent, the upper excitonic p states are located closely together
around E≈Eg=2174 meV, while the f states converge toE≈2172 meV.When themagnetic field is applied,
these levels are strongly blue-shifted, forming a complicated structure above the gap consisting ofmany crossing
spectral lines, resulting from the Zeeman interaction.

5. Intermediatefields

For intermediate magnetic fields one has to include both Coulomb interaction and the influence of the
magnetic field. This asks for a different theoretical approach, whichmay include (but is not limited to)
variational ormatrix diagonalization techniques[13]. In our studies we use a Greenʼs functionmethod [11].
First, we separate the ‘kinetic+magnetic field’ partHkin+B and the electron–hole interaction termV of
Hamiltonian

H Y VYM E . 15kin B = -+ ( )

The following leads to the solution of (15) bymeans of an appropriate Green’s function

Y G GVYME . 16= - ( )

It is important to note that 3 types of symmetry are accounted for in ourwork. Each case is characterized by an
appropriate set of quantumnumbers. In section 4 one deals with spherical symmetry of hydrogen-like atom
with quantumnumbers n m n m, , ; 1, , 0, 1, , 0, 1,= ¼ = ¼ =  ¼ℓ ℓ . The p states correspond tom=1 and
the lowest p state is given by n=2,ℓ=1,m=±1.We here use the cylindrical symmetry and the discrete
quantumnumbers are nρ=0, 1,K,m=0,±1,K. The lowest p state is given by nρ=1,m=±1. Due to the
properties of Cu2Owe start with nρ=1. TheGreen’s function in equation (16) satisfies, by definition, the
equation

H G z z z z, ; , ; ,
2

, 17Bkin r r f f
d r r
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d d f f¢ ¢ ¢ = -

- ¢
¢

- ¢ - ¢+ ( ) ( ) ( ) ( ) ( )
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wherewe used cylindrical coordinates. TheGreen’s function can be obtained by variousmethods (see, for
example, [24] for details)wherewe have chosen themethod of eigenfunctions expansion [11], taking the
eigenfunctions n my r of the operatorH1

G z z m g z z, ; , ; ,
1

2
exp i , , 19
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, ,år r f f

p
y r y r f f¢ ¢ ¢ = ¢ - ¢ ¢

r

r r r
( ) ( ) ( ) [ ( )] ( ) ( )

6

New J. Phys. 21 (2019) 103012 SZielińska-Raczyńska et al



obtaining finally
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In the above expressions we have used cylindrical variables scaled in the excitonic Bohr radii. The eigenfunctions
Rn mr and eigen energiesUn mr are also termed Landau states and Landau energies. For the p excitons nρ=1,
2,K,m=±1 and the lowest Landau energies (including the Zeeman splitting) the energies are given by
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defines the limit of theweak field: B Bcr crg< for theweakfield and B Bcr cr g for the intermediate field regime.
As shown in the table 1, depending on thefield orientation, the limiting values 45.71 and 49.3 T for n=2 and
around 21.9 T for n=3were obtained. The upper value corresponds toB>0 andm=−1, and the lower to
the quantumnumberm=+1 for the same field orientation.

TheGreen’s function allows one to calculate the amplitudeY from the (16)
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where  is the amplitude of the propagating wave and M̃ the dipole density in scaled variables.
The detailed calculations follow the pattern presented for the electricfield using the trial wave functions [2].

For p excitons the trial function has the form [11]
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with certain functionsYnm(ζ). Furthermore, the y component of the dipole density of the form [2]
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with the given coherence radius r a0 0 *r = . Sincewe consider awave propagating through the crystal in the
z-direction, which is linearly polarized in the plane (x, y), we can choose either x- or y-component of thefield.
We have chosen the y-component and, in correspondence, theMy is the dipole density. The coherence radius r0
is defined as [16, 25]

r
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. 27
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The integrated dipole strengthM0 and the coherence radius r0 are connected through the longitudinal-
transversal energyΔLT as [17]
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The longitudinal-transverse splitting, which is relatedwith the exciton oscillator strength, describes the splitting
between the transversal states (coupledwith the light) and the longitudinal ones (decoupled from the light), can
be estimated either experimentally, from the polariton dispersion curves, or theoretically, using other
microscopic quantities as oscillator strength density. For the case of Cu2O it has been calculated in [26] (see
table 1), and this value is used in our calculations.

Knowing the coherence radius (r0≈0.21 nm) and the integrated dipole strengthM0, one can solve the
Lippmann–Schwinger equation (16). Taking into account (8) and the dipole density (26) it is clear, that only the
valueY(ζ=0) contributes to the polarization. Substituting (25) into (24) and retaining the lowest expansion
term inGVY one obtains the following expression
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where the last term in the above equation contains integration above the primed variables , ,r z f¢ ¢ ¢ , and
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Wehave calculated the amplitudeY (see appendix A), the polarization from (8), and,finally, the p-exciton
contribution to the susceptibility which can be presented in the following form
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with k=k1m andDν(z) being the parabolic cylinder functions [27]. It can be proved that for γ→0, Qm
P( ) takes
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Ultimately, by using the approximation (34), we obtain the resonance positions for the intermediate field
regime. The results are shown on thefigure 3. The intermediate field solutions aremarkedwith light blue
(m=1) and dark blue (m=−1) dots. From these results it is clear that the lower limit of the intermediate
regime isB≈30 T. For higherfields, the predicted energy shift is linear and is consistent with the low-field
solution from40 to 60T. By using interpolation to link the solutions calculated for two regimes, one obtains the
wide range solutionmarked by green lines. The two solutions are interpolatedwith theGauss error function,

8

New J. Phys. 21 (2019) 103012 SZielińska-Raczyńska et al



where the transition value isB=40T for n=2, 35 T for n=3 and 30 T for n=4. The linear dependence of
energy on themagnetic field is in agreement with both our experimental results presented here is a closematch
to those obtained byKobayashi et al [12] as shownon thefigure 4. The calculated resonances show excellent
agreementwith experiments for n=2 and n=3 excitonic states. Again, note that transition to intermediate
field regime is earlier for higher states.We have to remark that for these two regimes ofmagnetic field, we use
two differentmethods of solution of the constitutive equation (2) and as the consequence one can not expect
interpolation to be perfect. For theweak fieldwe have used the perturbation calculus, where the unperturbed,
spherically symmetric eigen-functions serve as a basis. For the intermediate fields equation (2) is transformed
into an integral Lippmann–Schwinger equation, which is then solvedwith the help of an appropriateGreen
function and this problemhas the cylindrical symmetry. As the integral equations can be solved inmanywayswe
have used a certain trial function, which shape has a large impact on the accuracy of solutions.We have chosen
the probe function given by equation (25), the formofwhich allows one to obtain solutions in an analytical form.

6.Highmagneticfields

In the high fields limit themagnetic energy contributions to theHamiltonian aremuch greater than the
Coulomb term. Themost simply definition of the highfields regime can be given in terms of the above
introduced quantity γ, by the inequality γ>1.When γ>1, in the case of p-exciton, the lowestmagnetic energy
(Landau state) is larger than 4Rydbergs, whereas the excitonic energies (absolute values) are smaller thanR*/4.
So, themain optical effects in this regime, are the resonances at the above gap energies E U Rg n m *+ r , withUn mr

given by equation (21). But theCoulomb attraction cannot be neglected since, in spite of the action of the
magnetic field, the average distance between the electron and hole decreases, and theCoulomb attraction
increases. In consequence, one obtains a hydrogen-like series below every Landau state, as it was observed in the
case of GaSe [28]. However, some comment is needed. Aswe showbelow, the satellite structures below the
Landau states inGaSe are observed at afield strengthwith γ<1, but satisfying the condition that the distance
between the Landau states (about 4R* sinceGaSe has an indirect gap) is larger thatR*/4. If we consider the
existence of hydrogen like series as the condition for the high field regime than, at least forGaSe, γ=0.1 is the
limiting value.Note that for higher values of γ, the visibility of the hydrogen series will be smaller, since the
corresponding oscillator strengthswill decrease with increasing γ, and the distances between themaxima in
satellite structures decrease. As pointed byAldrich et al [29], forGaSe at γ=4 (Bcr∼50 T,B∼200T), one
observes the resonances at Landau energies, slightly red shifted for higher states, but the satellite structures were
not observed. For Cu2O, even for thefields as high asB∼150 T [12], one does not observe satellite structures in
the vicinity of Landau states, typical for the highmagnetic field regime. In this sectionwewill present the
analytical solution for Cu2O,wherewe employ a one-dimensional polariton approximation. In this case the
localization due to themagneticfield is stronger than that due to theCoulomb attraction, thus the effect of the
latter ismainly in the field direction. One can say that the very rapid x–ymotion is insensitive to the presence of
theCoulombfield and that the slow z-component is determined by a potential which is the average of the
Coulomb interaction over the rapid x–ymotion. Please, note, that the approximation used for highmagnetic

Figure 4.Calculated resonance positions comparedwithmeasured data byKobayashi et al [12], in the rangeB=0–150 T.Dashed
linesmark the boundary between low- and intermediate field regime for n=2 and n=3.
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fields addresses 3 quantumnumbers nρ,m,ℓ, with nρ starting from1. Following this argument we assume for
the coherent amplitudeY the form
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with unknown functionsYnm. Using (35)with the constitutive equation (2), we obtain the following
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The adiabatic potentialsV zn mr ( ) are complicated expressions, which in previous treatments of the problemwere
solved numerically, or approximated by a simplified analytical approach [9]. For the sake of simplicity, we adopt
here the expressions for the adiabatic potentials
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with parameters a A,n m n mr r chosen for each nρ,m to approximate Vn mr [9]. The one-dimensional Schrödinger
equation (36), using the derived potentials, can be solved, with eigenfunctions n mj
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these quantities, we obtain the amplitudes Yn mr from (36), the polarization from (8) andfinally the susceptibility
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The total absorption, including p and f excitons, is given by

, 41P Fc c c= + ( )( ) ( )

with corresponding effective dielectric function b
P F  c c= + +( ) ( ).

In appendix B, we present a detailed calculations based on equation (40). By certain assumptions on the
coefficients A a,n m n mr r we obtained an analytical expression for the susceptibility (40). The imaginary part of the
susceptibility is displayed infigure 5, showing resonances below Landau energies. There aremultiple, evenly
spaced peaks aboveEg, which shift towards higher energy with increasingB. The calculations were performed for
Cu2Odata, but similar calculations can be done forGaSe data and the resulting line shape is very close to that
observed experimentally byMooser et al [28].

7. Conclusions

A theoretical solution tomodel absorption spectra due to excitons of Cu2O in awide range of externalmagnetic
fields is presented. The approach differs fromother approaches (matrix diagonalization, variationalmethod etc)
and uses theGreen’s function for the kinetic+magnetic part of theHamiltonian combinedwith an appropriate
trial functionwhere Coulomb andmagnetic interaction are accounted for. To our knowledge, this is the first
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work, that offers such a complete approach, discussing the different regimes depending on the relative
contribution of Coulomb interaction and external field perturbation. Introducing afield-dependent parameter
γ allows us to estimate smooth boundaries between these ranges. Our results show good agreementwith our
experimental datameasured in static field up to 32T. In the intermediate range, up toB=150T, the results of
our theoretical calculations show a good agreementwithmeasurements byKobayashi et al [12].We have shown
that for p excitons, the intermediate field regime start at a relatively small value of γ∼0.06, as opposed to s
excitons.
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AppendixA. Calculation of the amplitude Y

The last termon the rhs of (30) contains integration, so that (30) is an integral equation. Fromvariousmethods
of solving integral equations we choose themethod of projection on a orthonormal basis unm(ρ,f).We can use
the functions R mexp i 2nm nmy r f p= ( ) ( ) , to obtain
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Appendix B. Calculation of the susceptibility in highfields regime

Belowwe perform calculations for the highfield regimewhere the satellite structures below the Landau states
should appear.We use the expressions (40), taking only the p exciton contribution. The eigenfunctions have the
form (39). To have an insight into the structure of solutions, we can simplify the problemby assuming A 1n m =r

and use the coefficients an mr in the form [10]

Figure 5. Imaginary part of susceptibility forB=50–300 T and n=1.8.
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The choice of A 1n m =r gives a good approximation to the adiabatic potentials obtained by numerical
integration in equation (37), see also [30]Aswas observed in experiments byMooser et al [28], the satellite
structures belowLandau energies occur at a small value of γ, for example γ≈0.08. Therefore the coefficients
a n mrℓ are large (a 1n mr ℓ ) and following approximations can bemade (we omit the indices):
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With the above assumptions and using the asymptotic expansion of theGamma functionΓ(z) (for example,
[21])we have calculated the expressions ln 0n n
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With the above assumptions, one can use the equation (40) to obtain the susceptibility.
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